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=PrL The electron wave

* De Broglie relations: A= L

my where

 Momentum given by: p

* Relativistic total energy of electron: W =mc’ =E,__ +m,c’
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=Pr-L The electron wave: A

« Electron accelerated by potential difference (high tension) E,:

e Find relativistic wavelength:

h

)
[2mer0 [1 + o . ﬂ
2mc
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A=

(1.4)



=Pr-L The free electron: v

* Find speed of electron:
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=P~L Plane wave: wave function

« Wave function of type: w (F.t)=y,exp(2mik F—iot)

where: k| =
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cPiL Plane wave: Schrodinger equation

* Schrédinger equation: Hy (F,t)=ih al//g;‘,t)

« Energy of electron eigenstate E,:

| Duncan Alexander EPFL-IPHYS-LSME. Electron-matter interactions: Elastic scattering (l)

(1.8)



cPiL Plane wave: Schrodinger eq. for free e-

e Hamiltonian: A=L_+v(Fy) (1.9)
2m
 Momentum operator: p=—ihV (1.10)

« Solve considering V(F,t)=0:
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cPiL Plane wave: Schrodinger eq. for free e-

h’k’
* Energy of electron: E;, =ho E, = (1.11)
2m
 From now on use a time independent wave
function for the electron plane wave:
« Schrédinger equation simplifies to:
Vi (F)+4n’°k*y (F)=0 (1.12)

Solutions: Y= eXp(ZﬂiE.f) and W= eXp(—27tiEf') (1.13)
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=PL e~ in uniform potential field

e Suppose electron travels in uniform potential field:

e Schrddinger equation becomes:
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=PL e~ in uniform potential field

hZ

e Schroédinger eq.: —o
T'm

Viy (F)+Vy (F)=Ey(F) (1.14)

« For uniform potential ¢,:
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=PL e~ in uniform potential field

« For uniform potential ¢, derive refractive index n:

n= (Hﬁ) (1.15)

e Typical ¢, = 10-20 V:
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=Pi~L TEM imaging of individual atoms

Cs-corrected canning TEM (STEM) time sequence of Er Cs-corrected high resolution TEM of single Fe atoms at
atoms in carbon nanotube “pea pods” edge of graphene monolayer
O.L. Krivanek et al. Ultramicroscopy 110 (2010) 935-945 J. Zhao et al. Science 343 (2014) 1228-1232
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=P~L Schrodinger eq. for atomic potential ¢(r)

e Aim: study scattering of plane wave by single
atomic potential described by function ¢(F):

2
* Rewrite equation 1.14: _822mVZW(F)+VW<F):Eeigw(f)
.\ 8m’me _ _
Vi (F) e | E,+¢(F) ly(F)=0 (1.16)
1 2meE
 Substitute in: kzzgf = n;lez . U(f):zlfzeq)(i') (1.17)
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=P~L Schrodinger eq. for atomic potential ¢(r)

e Equation: Vi (F)+4r*[ k> +U(F) ly (F)=0 (1.18)

has integral form
(see Mott and Massey): l//(f):l/fo(f)ﬂrj

27ik|F - F’
T (1.19)

7 -7

e Scattering geometry:

[ | Duncan Alexander EPFL-IPHYS-LSME. Electron-matter interactions: Elastic scattering (1) 15



=PrL Schrédinger eq. for atomic potential ¢(r)

« For (F)+ 7 e"p{z’”’"" i U(F )y (F)dF

» Solution given by Born series:  y/(F)=), v, (F)

« First Born approximation: assume that w(F) in integral can be replaced by w, (F)

. For plane incident wave y, (F)=exp{2rik, - F} this gives:
exp{27ik|F - F |}

Wo(f)+W1(P)=eXp{2ﬂiEo -f}-i—?tj ’)exp{2niE0 -f’}df’ (1.20)

F -7
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cPr~L Scattering from atomic potential ¢(r)

jexp{zyzik|i~—f~'|} u
FF

(F')exp{2rik, - F'}dF’

e Assume point of observation for  which is very large compared to scattering field

« Scattering vector: g =k’ -k, (1.21)

e Then:

— 2mik
v, (F)+v, (F) = exp{27ik, -f}+7teXp{ ik} [U(7)exp{-2nig F}dF (1.22)
r
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cPr~L Scattering from atomic potential ¢(r)

2 ik _, o 4
 Scattered wave: y,(F)= 272’2716 expy 27 r}_[¢(r Jexp{-27iq-F'}dF (1.23)
r
e Define scattering amplitude f(q) such that: w,(F)= eXp{zmm}f((i) (1.24)
r
2 't Co Y g
e Therefore: f(@)= ZTejqb(f‘)exp{—qu-r}dr (1.25)
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=PrL Mott formula derivation

First rewrite f(q):

_ me
f(@)==5—=

* Integrating by parts gives: £(@)=——
g goyp g : q)= D hia’

Substitute in V?¢(F):
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Introduce Poisson’s equation: V2¢(F)=—4me| p,(F)-p,(F)]

(1.26)

(1.27)

(1.28)
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=Pr-L Mott formula

2
Scattering amplitude: h’;nez J[pn
Charge density of nucleus: p,(F)=26(F)

. _\ 2me’ _
Find: (@)= 12 1.(@)]
In SI units:

. _ Z
Or for Bohr radius a,: f(g)= ad - Zz-£.(g)]
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p.(F) |lexp{-27ig-F}dF

(1.29)

(1.30)

(1.31)

(1.32)
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cPiL Scattering geometry

* Assume scattering by an angle 26

* Therefore atomic scattering amplitude:

ro)=1e( 2 (- £.(0)] (139)
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cPi-L Scattered intensity

« Scattered intensity at unit distance: 1(0)=|r(6) (1.34)

2 dm e

+ For large scattering angles: f,(¢)—0 hence 1(6),_,,=|f(6),,= o z (1.35)
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=PiL Relative scattering strength

* Applying “bandwidth™ nature of , ‘ .
Fourier transform:

AgAr =1 o\

(R

0

) 004
6 (rad}
Figure 4. The first Born approximation scattering amplitude, fB(K”), as a function of 8

for 100 keV electrons incident upon single atoms of gold and copper. The plots

have been made using the relativistic Hartree—Fock scattering amplitudes of Doyle
and Turner (1968).
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cP-L Summary

Introduction to e- scattering

e Free e- « Uniform potential
Vi (F)+4n°k*y (F)=0
o _ ¢
y = exp(27ik F) n= (1+FZ]
K=~
A
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e Scattering by atomic potential
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